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K,., is the complete bipartite graph with m and n vertices in its chromatic 
classes. G. Ringel has proved that the orientable genus of K,,, is equal to 
{(m - 2)(n - 2)/4} if m > 2 and n > 2 and that its nonorientable genus is 
equal to {(m - 2)(n - 2)/2} if m 2 3 and n > 3. We give new proofs of these 
results. 
INTRODUCTION 
The notations and definitions used in this paper are in accordance with 
those of [I]. S, is the orientable surface of genus p (p 3 0); its Euler charac- 
teristic is E(S,) = 2 - 2p. N, is the nonorientable surface of genus q (q > 1); 
its Euler characteristic is E(N,) = 2 - q. 
Let G be a connected graph. The orientable genus of G is denoted y(G); 
it is the lowest integer p for which there exists an imbedding of G into S, . 
The nonorientable genus of G is denoted j?(G); it is the lowest integer q 
for which there exists an imbedding of G into N, . 
K is the complete bipartite graph with m and n vertices in its chromatic 
class:: The purpose of this note is to determine y(K,,J and y(Km,J. The 
problem has been solved by Ringel [2, 31 but the solution presented here is 
different. 
Denote {A} the lowest integer which is higher or equal to a number A. 
Put p(m, FZ) = ((m - 2)[n - 2)/4) and q(m, n) = {(m - 2)(n - 2)/2). We 
havep(m,n)>Oifm~2andn>2;q(m,n)>1ifm~3andn~3. 
The easy part of the problem is to determine lower bounds for y(K,,J 
and T(K%,~). A standard computation made with the Euler formula and the 
fact that each cycle of K,,n has at least four edges gives y(K,,,) 3 p(m, n) 
and 7UGd 3 dm, 4. 
Orientable case with m = 1 OY n = 1. It is obvious that y(K,,,) is 0. 
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Nonorientable case with m = 2 or n = 2. There is an obvious imbedding 
of Km,, into the sphere. Extracting an open 2-cell in the interior of a face 
determined by this imbedding and identifying the resulting boundary with the 
boundary of the Mobius strip, we obtain an imbedding of K,,a, into the 
projective plane N1 . Therefore y(&,,) is 1. 
In the other cases, we have y(K,,,) =p(m, n) and y(K,;,,.) = q(m, n) 
if we prove the following: 
THEOREM. There exists an injbedding of &,, into SD(m,n~ if m > 2 and 
II > 2. There exists an imbedding of &,, into N,(,,,) ifm 3 3 and n > 3. 
1. COMPLETE INCIDENCE PSEUDOGRAPH 
The cardinality of a finite set A will be denoted / A j. 
For a connected pseudograph G (loops and/or multiple edges are allowed) 
which is 2-cell imbedded into a surface S, we denote X(G), E(G), and F(G) 
the sets of vertices, edges, and faces of G. 
By a complete incidence pseudograph we mean a connected pseudograph 
G which is 2-cell imbedded into a surface S(G) in such a way that each 
vertex of G is incident to each face of G. It is clear that G*, the dual pseudo- 
graph of G, is also a complete incidence pseudograph, and we have 
S(G*) = S(G). 
PROPERTY. If G is a complete incidence pseudograph with / X(G)[ = n 
and 1 F(G)! = m, then K,,, is imbeddable into S(G). 
Proof. Place a central vertex inside each face of G. We can join without 
crossing the 72 vertices of G to the nz central vertices because each face is 
incident to each vertex. 
2. EXCESS OF A COMPLETE INCIDENCE PSEUDOGRAPH 
Consider a complete incidence pseudograph G. We define as usually 
the degree d(x) of a vertex x as the number of edges incident to x with the 
convention that each loop is counted twice. This degree is higher or equal 
to the number of faces incident to x; therefore, we have d(x) > j F(G)]. 
We put 
44 = 44 - I F(f.4, 
e(G) = c e(x) = C 44 - I GG>l * I f;(G>l. 
rsX(Gl %X(G) 
e(x) is the excess of the vertex X, e(G) is the excess of G. 
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Consider now a central vertex f * placed inside each face f, and 
construct G*, the dual pseudograph of G with this central vertices. d(f*) is 
the number of edges in the boundary off with the convention that each 
edge which belongs only to the boundary off is counted twice. As above, 
we have d(f*) > / F(G*)I. We put 
4f*> = 4f*) - I F(G*)I = 4.f”) - I W3L 
e(G*) = c e(f *). 
fsF(G) 
e(f *) is the excess of the face f. 
2.1. If e(f V, = 0, the boundary off is a connected cycle of G with 
n edges which meets the n vertices of G; therefore, it is a Hamiltonian cycle 
of G. 
2.2. PROPERTY. Jf G is a complete incidence pseudograph with 
1 X(G)] = n and j F(G)1 = n7, the genus of S(G) is given by: 
PNG)) = Cm - 2)(n - 914 + e(G)/4 if S(G) is orientable, 
q(S(G)) = (m - 2)(n - 2)/2 + e(G)/2 if S(G) is nonorientable. 
Proof. We have the following equalities: 
/ X(G) j = n; 
1 F(G)1 = m; 
2 / E(G)] = c d(x) = e(G) + mn. 
soX(G) 
The Euler formula gives 
.SWN = i X(G)1 - I WXI + I W)/ 
= 2 - (m - 2)(n - 2)/2 - e(G)/2. 
We obtain equalities 2.2 by putting &C(G)) = I - E(S(G))j2 if S(G) is 
orientable and q(S(G)) = 2 - E(S(G)) is S(G) is nonorientable. 
2.3. COROLLARY. e(G*) = e(G). 
It is implied by E(S(G)) = E(S(G*)). 
2.4. COROLLARY. y(K,,,) = p(m, n) if there exists a complete 
incidence pseudograph G in an ovientable surface S(G) with j X(G)1 = n, 
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1 F(G)/ = m, and e(G) < 3. ji(K,,,) = q(m, n) if there exists a complete 
incidence pseudograph G in a nonorientable surface S(G) with I X(G)/ = n, 
IF(G)] =m, ande(G) < 1. 
Proof. The right members of equalities 2.2 are equal to p(m, n) and 
q(m, rz) by the conditions e(G) < 3 and e(G) < 1; moreover, we know by 
the property stated in 1 that &,, is imbeddable into S(G). 
3. COMPOSITION OF Two COMPLETE INCIDENCE PSEUDOGRAPHS 
Say that a vertex (resp. a face) of a complete incidence pseudograph G 
is regular if its excess is equal to 0. Denote X,(G) (resp. Fi(G)) the set of 
the irregular vertices (resp. faces) of G. 
LEMMA. Let (G’, G”) be a pair of complete incidence pseudographs which 
both haz;e n uertices and at least one regular face. There exists a complete 
incidence pseudograph G with the following properties: 
(i) S(G) is orientable iffS(G’) cznd S(G”) are orientable; 
(ii) / X(G)/ = 12; 
(iii) F(G)j = I F(G’)J + / F(G”)/ - 2; 
(iv) e(G) = e(G’) + e(G”); 
(v> I K(G)! < I X,(G)/ f I &(G”>i; 
(vi) ! E;(G)1 = 1 Fi(G’)j + [ Fi(G”)l. 
Proof. Consider a regular face f’ (resp. f “) of G’ (resp. G”); its boundary 
is a Hamiltonian cycle C’ (resp. C”) (cf. 2.1). Excise the faces f’ and f” 
in S(G’) and S(G”) and identify the cycles C’ and c” in such a way that each 
vertex of G’ is identified with a vertex of G”. This is possible because C’ 
and C” have a same length equal to n. Thus we obtain a new pseudograph G 
imbedded into a new surface S(G). 
The set F(G) of the regions delimited by G in S(G) is equal to the set of 
2-cells F(G’) u F(G”) less the two faces f’ and f”; therefore, G is 2-cell 
imbedded into S(G). It is clear that each face of G is incident to each vertex 
of G; therefore, G is a complete incidence pseudograph. 
The verification of (i), (ii), (iii), and (vi) is immediate. 
Let x’ be a vertex of G’ identified with a vertex x” of G” to give a vertex x 
of G. d(x) is equal to d(x’) + d(x”) - 2. With equality (iii), we obtain 
d(x) - / F(G)1 = (d(x’) - / F(G’)J) -j- (d(x”) - I F(G”)l). 
The preceding equality implies e(x) = e(Y) + e(Y). Therefore, if x 
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is an irregular vertex of G, either x’ is an irregular vertex of G’ or X” is an 
irregular vertex of G”; thus, we obtain inequality (v). The summation of the 
equality e(x) = e(x’) + e(Y) over all the vertices of G gives equality (iv). 
DEFINITION. G will be called a composition of G’ and G”. 
Conventions. In order to prove the theorem we construct some particular 
complete incidence pseudographs in the torus (Figs. l-5) and in the projective 
plane N1 . In the case of the projective plane, we consider imbeddings in 
the Mobius strip AJ1 ; an actual imbedding in N1 will be obtained if we 
identify the boundary of iW1 with the boundary of a closed 2-&l. The faces 
are labeled i+ or i-; i is an integer and the sign is + if the face is regular, 
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it is - if the face is irregular. For each case there is at most one irregular 
vertex which is indicated by a little black circle, so the excess of G is equal 
to d(xJ - 1 F(G)[ if there is an irregular vertex xi, it is 0 otherwise. 
4. PROOF OF THE THEOREM IN THE ORIENTABLE CASE 
Let m 3 2 and n 2 2 be integers. Say that the property 1(m, n) is verified 
if there exists a complete incidence pseudograph G with the following 
properties: 
(1) S(G) is an orientable surface; 
(2) / X(G)] = y1 and I F(G)1 = m; 
(3) e(G) d 3; 
(4) j X,(G)/ < n and 1 Fi(G)/ < m. 
It follows from 2.4 that the theorem is true in the orientable case if I(m, n) 
is verified for every m 3 2 and y1 > 2. We make the two following remarks: 
4.1. In order to prove I(m, n) when (m - 2)(n - 2) = 0 (mod. 4), 
it is sufficient to find G with (I), (2), and (3). Indeed, the expression of 
p(S(G)) in 2.2 gives e(G) = 0, which implies / X,(G)1 = i F,(G)/ = 0. 
4.2. If I(m, n) is verified with G, then I@, m) is verified with G*. 
So we have only to verify either I(m, n) or I(n, m). 
4.3. We prove the existence of a complete incidence pseudograph 
H,,, such that 1(6, n) is verified by induction on the integer n 3 2. 
For n = 2, we consider the imbedding into the sphere of a cycle with 
six edges. 
For n = 3, H6,3 is the imbedding into the torus of the graph shown in 
the Fig. 1. 
Suppose that the property is true for some n. We have j Fi(Hs,,)l = 
/ F&H&I = 0 by Remark 4.1, so the pair (H,,, , H,J verifies the conditions 
of the lemma and we can take for Hs,,+l any composition of H,,, with H,,, . 
Put Hn,6 = H&, . I(n, 6) is verified with H,,, by Remark 4.2. 
4.4. We prove by induction on the integers k’ > 0 and k” > 0 that 
I(m + 4k’, n + 4k”) holds if I(m, n) holds. 
Suppose that 1(n? + 4k’, n i- 4k”) holds with a complete incidence 
pseudograph G. The pair (G, H,,a+4k,,6) verifies the conditions of the lemma 
because / F,(G)] < I F(G)/ and / F,(H,+,,,,,)j = 0. I(m + 4k’, n + 4(k” + 1)) 
is verified with any composition of the two preceding graphs. 
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The pair (G*, Hn+4kn,6) verifies the conditions of the lemma because 
j X,(G)] < / X(G)/ and / F@Zn+4k~,6)j = 0. 1(n + 4k”, m + 4(k’ + 1)) is 
verified with any composition of the two preceding graphs, so I(m + 4(k’S l), 
y1 + 4k”) is also verified (Remark 4.2). 
In order to end the proof of the theorem, we have now only to verify I(m, n) 
for each unordered pair with m = 2, 3,4, 5 and y1 = 2, 3,4, 5. 
1(m, 2) and 1(2, n). Consider the imbedding into the sphere of a cycle 
with m edges; we obtain I(m, 2). 
I(m, 3) and 1(3, n). 1(3, n) is obtained with the imbeddings into the 
torus of the graphs G,,, , G,,, and G,,, shown in Figs. 2, 3 and 4. Put 
G m.3 - G&n. 
1(4,4). It is obtained with the imbedding into the torus of the graph G,,, 
shown in Fig. 5. 
1(4, 5) and 1(5, 4). Any composition of Gp,S and G4,& gives 1(4, 5). 
1(5, 5). Consider any composition of G,,, and GSS4 .
5. PROOF OF THE THEOREM IN THE NONORIENTABLE CASE 
Let n > 3 and m 3 3 be integers. Say that the property I(m, n) is verified 
if there exists a complete incidence pseudograph G with the following 
properties: 
(1) S(G) is a nonorientable surface; 
(2) IX(G)1 =nand IF(G)1 =m; 
(3) e(G) d 1; 
(4) / X,(G)1 < y1 and 1 Fi(G)j < m. 
The theorem will be proved in the nonorientable case if I(m, n) holds 
for every nz > 3 and n > 3. We remark that: 
5.1. In order to prove I(m, n) when (m - 2)(n - 2) = 0 (mod. 2), 
it is sufficient to find G with (I), (2), and (3). 
5.2. If I(m, n) is verified with G, I(Fz, m) is verified with G”. Thus, 
we have to verify either I(rn, KZ) or 1(n, m). 
9.3. We prove by induction on the integer n 3 3 the existence of a 
complete incidence pseudograph Hben which verifies 1(4, n). 
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For IZ = 3 we consider the imbedding into the Mijbius band of the graph 
H& shown in Fig. 6. 
If we suppose the existence of H4,n which verifies I(4, n), we have 
/ Fi(&,,)l = / F,(H,,,)I = 0 (Remark .5.1), so the pair (I&% , H,,,) verifies 
the conditions of the lemma; any composition of these two graphs verifies 
1(4, n + 1). 
Put Hn,4 = Hz,, . 
FIGURE 6 
5.4. With a method similar to 4.4 it can be proved that I(m, n) 
implies I(m + 2k’, y1 + 2k”) for every pair of integers k’ > 0 and k” >:O. 
So it remains to verify I@, IT) with m = 3,4 and n = 3,4. 
I(3, 4) and I(4, 3) have been verified in 5.3. 
I(3, 3) is verified in the Fig. 7. 
I(4, 4) is verified with any composition of H4,3 with H4,3 . 
FIGURE 7 
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